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In August 1492, Columbus set sail with his three small caravels (Figure 1.15). After a voyage of about three
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FIGURE 1.15 Columbus sailed in three caravels such as these. The Santa Maria, his largg

1.3 West Africa and the Role of Slavery
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LEARNING OBJECTIVES
At the end of this section, you will be able to:
» Locate the major West African empires on a map
« Discuss the roles of Islam and Europe in the slave trade

It is difficult to generalize about West Africa, which was linked to the rise and diffusio . ° éj: é é %r:
geographical unit, central to the rise of the Atlantic World, stretches from modern-da ® C O I I l P D F Klt ,n D D O C u I I I e nt A I — g— I /
Democratic Republic of the Congo and encompasses lush rainforests along the equata . : 5410156, 518.6160532226562,
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heavily wooded area near the equator, farmers raised yams, palm products, or planta \
yielded rice, millet, and sorghum. Sub-Saharan Africans had little experience in mari

side of the forest, and much drier land to the north. Until about 600 CE, most Africans|
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Although there were large trading centers along these rivers, most West Africans live ¢
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FIG. 2. Each point in a plot represents a static solution describing a fermion-boson star, which is uniquely identified by the
central pressure, P(0), in the fermion sector, and the central scalar ficld value, (0), in the boson sector. The legend in (a)
and the titles above (b)-(f) indicate the equation of state used in the fermion sector. The five curves in (a) and the thick black
curves in (b)-(f) are critical curves. Static solutions below and to the left of their respective critical curve are linearly stable;
otherwise they are unstable. (b) (f) are also density plots, showing the total mass of the static solution.

In the boson sector, the Lagrangian in (14)) is invariant
under a global phase transformation. This leads to a
conserved current,

J* =g (68,0 — 8,6"), (34)

which satisfies a continuity equation, V,J" = 0. This
continuity equation immediately leads to a conserved
charge, which is Np. The total bosonic particle num-
ber inside a radius r, Ni(r), is typically written in terms
of an integral, N, = [ d*r\/=det(g,,)J*. For static so-
lutions, we use the boson star ansatz in ) and prefer
to write the integral formula in differential form,

2

N, =8mlr?g?, (35)
«

from which N = Ny(00).
To solve Eq. (31) for the critical curve, we follow the
methods presented in [10, 43]. We compute contour lines
Foithor Vo oar Ay i the full cvctam Mavine alane

In l"i;.',.@ we show the critical curves for the five equa-
tions of state we are considering. Each point in a plot in
Fig. [J represents a static solution. Those static solutions
enclosed by the critical curve (i.e. below and to the left of
the curve) are linearly stable; otherwise they are unsta-
ble. Figure|2Ja) shows all five critical curves in one plot.
Figures ﬁl-] (f) are density plots showing the mass for
each static solution, along with the critical curve as the
thick black line. For sufficiently small P(0) or ¢(0), the
system is, respectively, boson or fermion dominated. In
these cases, the critical curves reproduce the single-fluid
critical values given in Sw.m as expected, Interestingly,
in the upper-right corner we see that linearly stable static
solutions exist for values of P(0) and (0) that go beyond
their single-fluid critical values, a phenomenon that also
occurs for mixed stars with fermionic dark matter H5].

Kernel Density Estimation on Symmetric
Spaces of Non-Compact Type

Dena Marie Asta

Department of Statistics
The Ohio State University
1958 Neil Ave
Columbus, OH 45210 USA

Abstract: We construct a kernel density estimator on symmetric spaces of non-
compact type and establish an upper bound for its convergence rate, analogous to
the minimax rate for classical kernel density estimators on Euclidean space, Symmet-
ric spaces of non-compact type include hyperboloids of constant curvature —1 and
spaces of symmetric positive definite matrices. This paper obtains a simplified formula
in the special case when the symmetric space is the space of normal distributions, a
2-dimensional hyperboloid.

Keywords and phrases: Harmonic analysis, Helgason-Fourier Transtorm, Kernel
density estimator, Non-Euclidean Geometry, Non-parametric.
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1. Introduction

Data, while often expressed as collections of real numbers, are often more naturally regarded
as points in non-Euclidean spaces. To take an example, radar systems can yield the data
of bearings for planes and other flying objects; those bearings are naturally regarded as
points on a sphere [13]. To take another example, diffusion tensor imaging (DTI) can yield
information about how liquid flows through a region of the body being imaged: that three-
dimensional movement can be expressed in the form of symmetric positive definite (3 x 3)-
matrices [13]. To take yet another example, the nodes of certain hierarchical real-world
networks can be regarded as having latent coordinates in a hyperboloid |5, 1]. In all such
examples, the spaces can be regarded as subsets of Euclidean space even though Euclidean
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Supply chain risk assessment (SCRA) has witnessed a profound evolution through the integration of artificial intelligence (Al) and machine learning (ML) techniques,
revolutionizing predictive capabilities and risk mitigation strategies. The significance of this evolution stems from the critical role of robust risk management strategies in
ensuring operational resilience and continuity within modern supply chains. Previous reviews have outlined established methodologies but have overlooked emerging
Al/ML techniques, leaving a notable research gap in understanding their practical implications within SCRA. This paper conducts a systematic literature review combined
with a comprehensive bibliometric analysis. We meticulously examined 1,717 papers and derived key insights from a select group of 48 articles published between 2014
and 2023. The review fills this research gap by addressing pivotal research questions, and exploring existing Al/ML techniques, methodologies, findings, and future
trajectories, thereby providing a more encompassing view of the evolving landscape of SCRA. Our study unveils the transformative impact of Al/ML models, such as
Random Forest, XGBoost, and hybrids, in substantially enhancing precision within SCRA. It underscores adaptable post-COVID strategies, advocating for resilient
contingency plans and aligning with evolving risk landscapes. Significantly, this review surpasses previous examinations by accentuating emerging Al/ML techniques and
their practical implications within SCRA. Furthermore, it highlights the contributions through a comprehensive bibliometric analysis, revealing publication trends, influential

authors, and highly cited articles.
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